In present paper, after finding the conditions for the integrability of various distributions of a GCR-lightlike submanifold of indefinite Kenmotsu manifolds, we prove that there do not exist totally contact umbilical GCR-lightlike submanifolds of indefinite Kenmotsu manifolds other than totally contact geodesic GCR-lightlike submanifolds and moreover it is a totally geodesic GCR-lightlike submanifold.
class of submanifolds called, Generalized Cauchy-Riemann GCR-lightlike submanifolds of indefinite Sasakian manifolds (which is an umbrella of invariant, screen real, contact CR-lightlike submanifolds) was derived by Duggal and Sahin [8] . Recently Gupta and Sharfuddin [10] , defined GCR-lightlike submanifold of indefinite Kenmotsu manifolds.
In present paper we further elaborate the theory of GCR-lightlike submanifold of indefinite Kenmotsu manifolds. In section 3, we find the conditions for the integrability of various distributions and for the distributions to define totally geodesic foliation in submanifold. In section 4, we study totally contact umbilical GCR-lightlike submanifolds and prove that there do not exist totally contact umbilical GCR-lightlike submanifolds of indefinite Kenmotsu manifolds other than totally contact geodesic GCR-lightlike submanifolds and moreover it is a totally geodesic GCR-lightlike submanifold.
Lightlike Submanifolds
We recall notations and fundamental equations for lightlike submanifolds, which are due to the book [6] by Duggal and Bejancu. Let (M ,ḡ) be a real (m + n)-dimensional semi-Riemannian manifold of constant index q such that m, n ≥ 1, 1 ≤ q ≤ m + n − 1 and (M, g) be an m-dimensional submanifold ofM and g the induced metric ofḡ on M . Ifḡ is degenerate on the tangent bundle T M of M then M is called a lightlike submanifold ofM . For a degenerate metric g on M
is a degenerate n-dimensional subspace of TxM . Thus, both TxM and TxM ⊥ are degenerate orthogonal subspaces but no longer complementary. In this case, there exists a subspace RadTxM = TxM ∩ TxM ⊥ which is known as radical (null) subspace. If the mapping RadT M : x ∈ M −→ RadTxM, defines a smooth distribution on M of rank r > 0 then the submanifold M ofM is called an r-lightlike submanifold and RadT M is called the radical distribution on M .
Let S(T M ) be a screen distribution which is a semi-Riemannian complementary distribution of Rad(T M ) in T M , that is,
and S(T M ⊥ ) is a complementary vector subbundle to RadT M in T M ⊥ . Let tr(T M ) and ltr(T M ) be complementary (but not orthogonal) vector bundles to T M in TM |M and to RadT M in S(T M ⊥ ) ⊥ respectively. Then we have
Let u be a local coordinate neighborhood of M and consider the local quasi-orthonormal fields of frames ofM along M , on u as {ξ1, ..., ξr, Wr+1, ..., Wn, N1, ..., Nr, Xr+1, ..., Xm}, where {ξ1, ..., ξr}, {N1, ..., Nr} are local lightlike bases of Γ(RadT M |u), Γ(ltr(T M ) |u) and {Wr+1, ..., Wn}, {Xr+1, ..., Xm} are local orthonormal bases of Γ(S(T M ⊥ ) |u) and Γ(S(T M ) |u) respectively. For this quasi-orthonormal fields of frames, we have Let∇ be the Levi-Civita connection onM . Then according to the decomposition (2.3), the Gauss and Weingarten formulae are given by
where {∇X Y, AU X} and {h(X, Y ), ∇ ⊥ X U } belongs to Γ(T M ) and Γ(tr(T M )), respectively. Here ∇ is a torsion-free linear connection on M , h is a symmetric bilinear form on Γ(T M ) which is called the second fundamental form, AU is linear a operator on M , known as a shape operator.
Considering the projection morphisms L and S of tr(T M ) on ltr(T M ) and S(T M ⊥ ), respectively then using (2.2), the Gauss and Weingarten formulae become
As h l and h s are Γ(ltr(T M ))-valued and Γ(S(T M ⊥ ))-valued respectively, therefore they are called as the lightlike second fundamental form and the screen second fundamental form on M . In particular, we have
where
for any X, Y ∈ Γ(T M ) and W ∈ Γ(S(T M ⊥ )). Let P be the projection morphism of T M on S(T M ). Then using (2.1), we can induce some new geometric objects on the screen distribution S(T M ) on M as An odd-dimensional semi-Riemannian manifoldM is said to be an indefinite almost contact metric manifold if there exist structure tensors (φ, V, η,ḡ), where φ is a (1, 1) tensor field, V is a vector field called structure vector field, η is a 1-form andḡ is the semi-Riemannian metric onM satisfying
for X, Y ∈ Γ(TM ), where TM denotes the Lie algebra of vector fields onM . An indefinite almost contact metric manifoldM is called an indefinite Kenmotsu manifold if (see [4] ),
for any X, Y ∈ Γ(TM ), where∇ denote the Levi-Civita connection onM .
Genralized Cauchy-Riemann (GCR)-Lightlike Submanifold
Calin [5] , proved that if the characteristic vector field V is tangent to (M, g, S(T M )) then it belongs to S(T M ). We assume characteristic vector V is tangent to M throughout this paper.
Definition. Let (M, g, S(T M ), S(T M
⊥ )) be a real lightlike submanifold of an indefinite Kenmotsu manifold (M ,ḡ) then M is called a generalized Cauchy-Riemann (GCR)-lightlike submanifold if the following conditions are satisfied (A) There exist two subbundles D1 and D2 of Rad(T M ) such that
(B) There exist two subbundles D0 andD of S(T M ) such that
where D0 is invariant non degenerate distribution on M , {V } is one dimensional distribution spanned by V and L, S are vector subbundles of ltr(T M ) and S(T M ) ⊥ , respectively.
Then tangent bundle T M of M is decomposed as
A GCR-lightlike submanifold of indefinite Kenmotsu manifold is said to be proper if D0 = {0}, D1 = {0}, D2 = {0} and L1 = {0}. Let Q, P1, P2 be the projection morphism on D, φL, φS respectively, therefore any X ∈ Γ(T M ) can be written as
Applying φ to (3.4), we obtain
where f X ∈ Γ(D), ωP1X ∈ Γ(L) and ωP2X ∈ Γ(S), or, we can write (3.5), as
where f X and ωX are the tangential and transversal components of φX, respectively. Similarly,
where BU and CU are the sections of T M and tr(T M ), respectively. Differentiating (3.5) and using (2.7)-(2.10) and (3.7), we have
for all X, Y ∈ Γ(T M ). By using Kenmotsu property of∇ with (2.7) and (2.8), we have the following lemmas.
3.2. Lemma. Let M be a GCR-lightlike submanifold of an indefinite Kenmotsu manifold M then we have
3.3. Lemma. Let M be a GCR-lightlike submanifold of an indefinite Kenmotsu manifold M then we have (3.14) (∇X B)U = ACU X − f AU X − g(φX, U )V, and
where X ∈ Γ(T M ) and U ∈ Γ(tr(T M )) and 
(B) The distributionD is integrable, if and only if Next from (3.10) and (3.12), we have −f (∇Z U ) = AωU Z + Bh(Z, U ), for all Z, U ∈ Γ(D). Then, similarly as above, we obtain f [Z, U ] = A φZ U − A φU Z, which completes the proof of (B). for any X, Y ∈ Γ(D ⊕ {V }), ξ ∈ Γ(D2) and W ∈ Γ(S). Using (2.7) and (2.16), we have
Hence, from (3.20) and (3.21) the assertion follows.
3.6. Theorem. Let M be a GCR-lightlike submanifold of an indefinite Kenmotsu manifoldM . Then the distributionD does not define a totally geodesic foliation in M .
Proof: We know thatD defines a totally geodesic foliation in M , if and only if
, Z ∈ Γ(D0) and N1 ∈ Γ(L). But using (2.5) and (2.16), we obtain g(∇X Y, V ) = g(∇X Y, V ) = −g(Y,∇X V ) = −g(Y, X), which may be non zero because φS ⊂D is non degenrate. Hence the assertion follows.
3.7. Theorem. Let M be a GCR-lightlike submanifold of an indefinite Kenmotsu manifoldM . Then the induced connection ∇ is metric connection, if and only if
and A * ξ X ∈ Γ(D⊥D0⊥φD2), for ξ ∈ Γ(Rad(T M )) and X ∈ Γ(T M ).
Proof: For any X ∈ Γ(T M ) and ξ ∈ ΓRad(T M ), using (2.16), we have φ∇X ξ =∇X φξ + g(φX, ξ)V, applying φ to both sides of above equation and then using (2.13) and (2.15), we obtain 
